Evaluating the reliability of trenches against sliding failure is complicated by the fact that most alluvial deposits are heterogeneous and spatially variable. This means that instead of perfectly circular or linear failure surfaces, trench failure tends to be more complex, following the weakest path or zones through the material, thereby, a new method named Continuous Slip-Surface (CSS) is adopted for calculating the critical excavation depth.
Introduction
In geotechnical engineering, traditionally the critical excavation depth of vertical unsupported trenches is identified where the safety factor reaches to one. It is possible to calculate the safety factor in two general methods including analytical and numerical solutions. Chen (1975) proposed the upper and lower bound approaches, based on theory of plasticity, to investigate where a trench reaches to its critical depth causing a slip surface [1] . Numerical methods proposed by Zienkiewicz et al. [2] , Naylor [3] , Matsui and San [4] , Ugai and Leshchinsky [5] , Lane and Griffiths [6] , Dawson et al. [7] and Rachez et al. [8] have long been used to evaluate the critical excavation depth of unsupported trenches. However, the second approach, which utilizes one of the numerical methods such as FDM or FEM, is more reliable especially in complicated geometrical and geotechnical conditions. Nevertheless, there are some weaknesses associates with such methods which seek the failure sate by strength reduction technique based on iterative analyses. Application of strength reduction technique requires advanced numerical modelling skills and calculation time, and in case of complicated models, can last as long as several hours [9] .
In the strength reduction technique, the failure is introduced based on one or more points velocity not converged to a constant value irrespective to the requirement for the continuity of slip surface and the magnitude of the velocity value. This probably leads to underestimation of the critical excavation depth. Having an understanding of the differences between these methods, a comprehensive study has been performed to compare different approaches; meanwhile, a new approach is introduced to investigate the critical depth of excavation based on velocity convergence and continuity of slip surface requirements using the Finite Difference Method (FDM). It should be noted that, this study does not consider any retaining structure provisions for vertical cuts and indeed considers unsupported vertical cuts for the initiation of the idea and it does not overlook or neglect the necessity of support system for vertical cuts.
The aim of the study is thus to show the efficiency of the new method on the critical excavation depth estimation for unsupported vertical cuts.
Analytical solutions
Analytical solutions of stability problems like bearing capacity of foundations and thrust behind retaining structures can be found widely among different approaches [10] [11] [12] [13] [14] . Vertical cuts as another example of stability issues in soil mechanics is believed to remain stable up to several metres in height without any supporting system. The upper and lower bound solutions of limit analysis bracket any possible value for vertical cut critical excavation depth. Stress discontinuity should be assumed in order to reach at lower bound estimation. It should be mentioned that there are many stress fields satisfying equilibrium and yield condition simultaneously. The maximum value of the lower bound solution is the safe excavation height.
A lower bound solution for critical excavation depth of vertical cut in un-drained condition is:
Where C 0 = un-drained shear strength at surface, γ= unit weight of the soil, and λ= un-drained shear strength density or its increasing rate with depth. An upper bound solution of H cr may be found by equating external rate of work to the dissipation energy at sliding surface. The upper bound solution is thus:
Strength reduction-based method
The strength reduction method is one of the limit state forms of solution to analyse stability of foundations and slopes. This method has been studied widely by many researchers such as Song [15] , Lian et al. [16] , Eberhardt [17] , Sai et al. [18] , Zheng et al. [19] , Huang and Cang [20] , Wei and Cheng [21] , and Eser et al. [22] . Calculation of safety factor in strength reduction technique is a progressive procedure by reducing the shear strength of the material to reach equilibrium in limit state.
The partial safety factor F is defined according to the equations 3 and 4:
Non-linear finite difference program FLAC [23] is used for bracketing approach which is similar to the method proposed by Dawson et al [7] . This procedure comprises some steps and criteria to identify the failure state. The unbalanced force ration was defined by the ration of the unbalancing force to the mean absolute value of force exerted by adjacent zones.
According to the investigation by Rachez et al. [8] , the system is in equilibrium condition if the unbalanced force ratio is less than 10 -3 for a given factor of safety. Otherwise, another analysing step should be run. The mean force ratio is compared with the previous analysed steps. If the difference is less than 10%, the system is in non-equilibrium condition.
A drawback associated with this procedure is that when local failure occurs, this criterion will alarm failure whereas the reality might totally be different. Figure 1 shows the finite difference mesh for a soil stratum in unexcavated state. The unsupported vertical cut is supposed to be excavated after initial in-situ state equilibrium analysis. The model size and dimensions have been examined to eliminate boundary effects. A linear increase of un-drained shear strength with depth is adopted. In addition, the un-drained Young's modulus is assumed to be fully correlated to the un-drained shear strength defined as 500C u , increasing with depth accordingly [24, 25] . In the strength reduction technique, excavation proceeds step by step until a safety factor of 1.0 is reached. The critical depth of excavation is introduced when the safety factor reaches to one. Jamshidi Chenari and Zamanzadeh [26] compared the critical excavation depth estimated from C-Phi reduction technique with upper and lower bounds predictions. They showed that the estimated critical excavation depth for different surface cohesion values falls between these two bounds.
As clearly observed in Figure 2 , a continuous slip surface has not been formed while the safety factor obtained based on the strength reduction technique renders a value of 1.0 at depth 13m.
Continuous Slip Surface Method (CSSM)
Evaluating the reliability of excavations against failure is complicated by the fact that most soils are spatially variable and uncertainty of their properties [27] [28] . This means that instead of perfect circular failure surfaces, excavation failure tends to be more complex, following the weakest path or zones through the material. Furthermore, the drawback associated with the strength reduction technique makes the results even more unreliable. Basically, a slope or an excavation is set to fail while a continuous slip surface is formed. For this purpose, a method has been adopted to search for a continuous slip surface starting from the surface and extends to the excavation boundary.
In CSSM, the algorithm seeks to find continuously generated plastic zones. Figure 3 illustrates bounded shear zone formed in unsupported vertical cut excavation. The program automatically ignores outliers as indicated in figure 3 . Further to the slip surface continuity criterion, some limiting conditions are also checked to investigate on the failure state. The excavation will be conceived to fail when the unbalanced force ratio does not converge (less than 10 -3 ) after 30000 steps of time marching analyses.
However, a failure might occur while the unbalanced force ratio is below the set limit. For this reason, a velocity criteria has also been considered. If grid points velocity located in the excavation boundary exceed 5×10 -5 m/s the excavation is said to be in failure state [23] . This means that in CSSM three criteria are jointly checked to alarm failure: continuity of failure slip surface, unbalanced force ratio and grid points velocity convergence. Figure 4 demonstrates different controls adopted in new CSS method.
As seen in figure 5 , for all values of surface cohesion, the critical excavation depth estimated from the new CSSM coincides with upper bound solution. This is as expected as CSSM allows full mobilization of the plastic zones in order to seek for continuous failure envelope.
Random Field Generation
Spatial variability of soil properties can be quantified by several parameters such as the deterministic trend, the coefficient of variation, the correlation length, and the anisotropy among others, and they are studied widely in literature. Further detailed analyses about spatial variability of soil parameters in geotechnical structures can be found in literatures [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] .
Phoon and Kulhawy [30] stated that inherent variability of soil properties is usually decomposed in two components:
(1) A deterministic trend and, (2) fluctuations around the deterministic trend as follows
In which ξ (z) is the in-situ geotechnical property, t(z) is the trend function and w(z) is the fluctuating component which is also known as "off the trend" variation. Figure 6 schematically represents different components of inherent variability.
Deterministic trend can be estimated from a reasonable amount of in situ soil data (using for example least-square fit method). Eslami Kenarsari et al. [39] suggested that quadratic trend removal is more suitable, at least for the selected CPT data soundings. The fluctuating component can be characterized as a random variable having zero mean and nonzero variance.
A log-normal distribution for stochastic variation of un-drained shear strength seems to be reasonable for probabilistic studies due to the fact that shear strength is strictly non-negative.
Application of several probability distribution functions is found in literature and practice namely; normal, log-normal, beta, etc. More detail description of proper distribution functions for geo-materials, can be found in Lee et al. [40] , Harr [41] and more recently in Seyedein et al. [42] . In practice it is more common to use the dimensionless coefficient of variation (COV) instead of standard deviation, which can be defined as the standard deviation divided by the mean. Typical values for the COV of the un-drained shear strength have been suggested by several investigators [40 and 43] . Jamshidi Chenari et al. [37] recommended that the range of the COV for un-drained shear strength based on in situ or laboratory tests varies from 10% -50%. The third important feature of a random field is its correlation structure. It is obvious that if two samples are close together, they will be usually more correlated in comparison with the case when they are widely separated. It is common in literature to use a correlation function (ρ) in the following single exponential form provided in equation 6, which is also known as Markov spatial correlation function proposed by Fenton and Griffiths [44] .
Where ρ = correlation coefficient between the logarithm of the un-drained shear strength values at any two points separated by a distance τ in a random field with spatial correlation length θ. Correlation degree of a soil property was described by the correlation length. It is worth noting that, random field will be rough in variation if the correlation length is large, and oppositely tends to be smooth if correlation length is small.
The random field was generated by matrix decomposition base on Choleski method which was proposed by El-Kadi and Williams in 1999 [45] . Also a correlated log-normal distribution was used to define characteristics of random field. The values of un-drained shear strength in lognormally distributed form are estimated from
Where μ is the mean of lnc u (un-drained shear strength), ε is a Gaussian vector field with zero mean and unit variance, and L is a lower triangular matrix define by:
Where A is the covariance matrix which will be formed by using a specified form of the covariance function. The covariance matrix is given by El-Kadi and Williams [45] .
Where σ 2 is the variance of lnc u , θ is the autocorrelation length and matrix τ is separation lag, which tends to be the distant matrix. Figure 7 illustrates a sample realization of the un-drained shear strength with the assumed stochastic properties.
As depicted in figure 8 , for a number of cases analysed, the mean and coefficient of variation of critical excavation depth is well stable after 500 realizations of Monte-Carlo process, thus no additional benefit is achieved from adopting more number of realizations.
As stated before, the critical excavation depth of vertical unsupported trenches will be calculated by a FISH program developed by authors adopting the finite difference program FLAC, merged with random field theory (RFDM). Figure 9 demonstrates a flowchart on how to calculate the critical excavation depth through repeated finite difference analyses, adopting a modified C-Phi reduction algorithm. As stated before, the factor of safety is calculated with modified C-Phi reduction algorithm and this procedure will be in progress until a unit safety factor is achieved.
Results and discussion

Influence of the variability
In this code the Poisson's ratio (ν) was assumed to be constant while the un-drained shear strength (C u ) and the un-drained Young's modulus (E u ) are randomized throughout the domain. figure 10 . Since the critical excavation depth cannot be negative, the shape of the histogram suggests a lognormal distribution, which was adopted in this study.
Superimposed on the histogram is a lognormal distribution with parameters given by μ lnHcr , σ lnHcr in the line key. At least visually, the fit appears reasonable. In fact, this is one of the worst cases, out of all 80 parameter sets given in table 1. Accepting the lognormal distribution as a reasonable fit to the simulation results, the next task is to estimate the parameters of the fitted lognormal distribution as function of the input parameters (C u0 , COV Cu , λ and θ ln Cu ). The lognormal distribution, has two parameters, μ lnHcr and COV lnHcr .
The coefficient of variation of the un-drained shear strength is varied from 10% to 90% to investigate the effects of un-drained shear strength variability on the critical excavation depth statistics. The parameter of the transformed lnC u Gaussian random field may be obtained from the relations. 
Where μ cu and σ cu = mean and standard deviation of the un-drained shear strength.
The variance of lnC u varies from 0.01 to 0.59 in this study. substantially larger than the soil model size). Broadly, in the limit as θ lnCu →0, the cohesion field becomes a white noise field. Because of the averaging effect of un-drained shear strength field, the critical excavation depth in the limiting case θ lnCu →0 is expected to approach that obtained in the deterministic case, with C u =μ Cu everywhere, and has trivial variance for finite 
Influence of the correlation
It can easily be proven that the variance of critical excavation depth deviates from the un- (19) In which d j is dimensions of the averaging region (in this case, d 1 =2B and d 2 =3H cr ).
Predictions of σ lnHcr using equations 15 and 16 are superimposed on figure 12 using solid lines.
Influence of deterministic heterogeneity
It can be seen that increasing COV Cu results in more variability in critical excavation depth estimation. Figure 13 demonstrates superposition of linear and harmonic functions representing "deterministic" and "stochastic" components respectively. In harmonic component, the amplitude A can be theoretically shown to be √2 times the standard deviation σ and the wave length λ 2 represents the scale of fluctuation of the random field.
In which λ 1 represents the un-drained shear strength density (λ) as defined earlier. Figure 14 schematically illustrates two parts and their superposition.
Adopting a simple limit equilibrium calculation, the critical excavation depth is calculated by finding the minimum depth from equation 21. It can easily be shown that θ=45 • will satisfy minimum solution for the excavation depth in equation 21. (21) Results are drawn in figure 15 against the un-drained shear strength correlation length for different strength densities. It is seen that the harmonic component effect representing the stochastic component is less highlighted when the deterministic part contributes more. This is attributed to the fact that quantitatively, less "off-trend" values in comparison to the deterministic portion are encountered when higher strength densities are chosen. This is actually equivalent to considering lower COVs which is expected to render higher critical excavation depth as proven earlier in figure 13.
Conclusion
Conventional C-Phi reduction method of calculation of safety factor was revisited and it was shown that in some cases over-conservative estimation of the critical excavation depth for vertical unsupported cuts is reached. The method was modified by considering the continuity of slip surface. Following conclusions were made through Monte-Carlo simulations of critical excavation depth of vertical unsupported cuts in un-drained condition in form of random finite difference analyses.
1. Continuous Slip Surface Method (CSSM) was shown to reach at solutions for critical excavation depth, quantitatively similar to the upper bound solution. It means that conventional strength reduction technique neglects formation of slip surface and only monitors specific control points to check unbalancing force or grid points' velocity.
2. The critical excavation depth on a spatially random field of finite depth overlying bedrock is well represented by a lognormal distribution if un-drained shear strength is also log-normally distributed.
3. Increasing coefficient of variation of un-drained shear strength leads to decrease in mean critical excavation depth. This means that COV increase potentially increases the chance of weak point formation and thus slip surface formation probability is increased.
4. Un-drained shear strength density or its variation rate with depth fades the effect of stochastic variation on critical excavation depth estimation. Indeed variability of undrained shear strength gets less important for higher strength densities. 
